MATHEMATICA MORAVICA
VoL. 9 (2005), 59-67

The Multiple Summation Formula and Polylogarithms

MILORAD R. STEVANOVIC*

ABSTRACT. In this paper is given the formula:

] k k1 L K
Fn(I)EZ%Z%... ";Cn: Z = D

ki1=1 ko=1 kn=1
1 2 " > jraj=n

with -
Gle) = Lin(@) =Y 5% (k20),

and the method by which it can be obtained.

1. INTRODUCTION

First of all let us introduce the series with theirs notations:

1) ()= L) =35 (k> 0)

r=1

<

It is evident that is (o(z) = 1%, Ci(z) = —log(l — ) (-1 <z < 1), and

for k > 2, (x(x) is represented by uniformly and absolutely convergent series in
region —1 < x < 1. For these functions, known as polylogarithms and annotated
by Lig(x), an old Legendre’s notation will be used in this paper, which also was
used by Ramanujan. For functions F),(z) we can take Fy(z) = 1 and for n =1

we have Fi(x) = (1(x).

Lemma 1.1. Series for F,,(z) is convergent for -1 <x <1 (n>1).
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Proof. For |z| < |zo| < 1 we have:

= ol [N 1 "
[Fa(@)| < Fa(lal) < Fallaol) < 0= | Do -] <
k1=1 ko=1

|‘,L‘0|k1 n— n—
< Z T12 Nog" 1k +A(K) <
ky >k,
|z "1
<20 Y AR + A(K]) < oo,

k1 >k

where A(k}), A(k])A(K}), A(k]) are positive constants, and:

log" kg

<1 (ki >k >kK).
k1

k1 1
> —<2logks (k1>k{)  and
ko—1 k2

By Weierstrass criterion for uniform convergence we conclude that the power
series for F),(z) is uniformly and absolutely convergent in one closed subdomain
of (—1,1). It has remained to be proved that F,(—1) exists. In order to prove it
let us write:

()" Fopa(-1) =

If we prove:
1. lim ag = 0,
k—o0
2. d\") = Fu(s,2t—1) — Lu(s,26) >0 = ag >ay (Vi€ N),
3. v(s,t) >0 (s,teN) = a,>0 (Vk>1),

from Leibnitz criterion for alternatively series will follow the convergence of series:

i (—1)Fay

k=1

and the existence of F,(—1).
Indeed, we have:
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1.
L n—1
. L |u(n, k)| ! 1
0< |Jim o= Jim TEEE < fm g | 2] S
=
1 n—1
o=l m 28 P o =
k—o0 k
lim ap =0
—00
2. Prove by induction for s.
2t ;
1 (-1
dy) = 18>0 (vt
tT (- 1)2 ]; Tt >0 v,
d® = 1220 11,2t — 1))
b @t —1)2t ’ ’

v(2,2t) Zd(1>0 v(1,26—1)>0 = d? >0 (vt),

@_ 1 _
d;” = (2t_1)2t{v(3,2t)—|—v(2,2t 1)},

v(3,2t)

i d? >0
= ’ = dY >0 (w),

v(2,2t — 1) = v(2,2t) + Lv(1,2t) > 0

s 1
dg +1) _

m{v(s +1,2t) +v(s, 2t — 1)},

s 1
v(s+1,2t) = Zd§ ) > 0, wv(s,2t—1)=wv(s,2t)+ Q—tv(s —1,2t)
j=1

t

t

(s+1) _ (s) (s—1) (s—2)

= d, G- E d] +§ dj +2t d] (s > 3,Vt).
Jj=

By assumption of induction, from here, we conclude that is dESH)

and by induction 2. is proved.

>0
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v(1,t) >0

v(2,t) >0

(Vt) )
(Vt)

t

v(s,2t) = ngs_l) >0 (s>2)

v(s,2t —1) =v(s

=1

1
s Zt) + EU(S

Thus, we have proved lemma 1.

Lemma 1.2.

(2)

Proof.

Fl() =

r—1

G R ()

J=0

oo
=Y " IZ -
k=1 2

ko=1

r—1
=S1+ Y S, + S

p=2

—-1,2t) >0

(follows from 2.),

(follows from 2.),

(s >2).

(-1<z<1), (r>1).
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Let T}, be the series obtain from F,_;(x) substituting 2*» by 2% (1 <p <r).

Rp—2 Fp-1 2Fpr1
kp—1 _
p—Zk"Z Zkl Z Zl’”
fer=1 kp_1=1 kpii=1 Pt i fep=kp11
L oo Lo 2<p<r—1)
=T, ——T,_ r—1).
P 1—z 2t =pP=
In the same way it follows that:
1 1
S, =—F,_ - T =
r 1— = r 1(13) 1—=x r—1
= F/(l’) = 1 T1+
" z(1—x)
r—1
1 1
T, — T
+Z{x<1—x> Pl 1}+
p=2
1 1
+ 1-= r—1(x) — Tt =
1 1
@ = @)=Y T+ R
p=1
Further,
T, i h QN ok s ke—z Rz ok
r—1 — -5 - =
k=1 k1 ka—1 ko ky_o=1 2 kr_1=1 kr—1
k=1 k1 kom1 "2 k=1 kr—1 Ker—o—ky_1 kr—2
B i LUkl k1 I‘k2 kr—3 l-3k7r72+
— i i ;
ki=1 kl ko=1 k2 kr_o=1 k',,,_2
+§: gk Rt gk
L i — Ty =
k=1 k1 ka—1 ko kr_o=1 k2 k1= k-1
ki o K2, Ky
k=1 ko=1 kr_o=1 kr_z3=Fky_2
+i ok k1 ke kTZ_4 12k —2 kr—a phr-3 kTZ_3 phr-1
L L. — Ty =
1 ko r—o kr—3 kr—1 "
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0 ki Kk kroa ks .
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ki B ks kros k4 .
- k Z L 4
R S | k4
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+ Z Z k k k TT’—2 -
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SRR D DD Dh e D K
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r—2 O .3ks ko ks kr—2 hr—1
LA DL D P OGP Ty | +
7j=2 ko=1 ks=1 kr_1=
© _dky k2 ks k=3 koo
x T T
i DIE IR i + (@) Fr (@)~
ks ks ko
ko=1 ks=1 kr_o=1
& 3ko xkg, kr—2 ka 1 & 1.51432 2 xk3
DEED DRI Sk el B D SEh phe
ko=1 ks=1 kr_1=1 ko=1 ks=1
kr_4 kr_ 3 1S9 dky K2 ks kr—3 Ep_o
T T T T
F,_ —
kr—3 +<3(:U ) T 4( ) Z % Z :IC3 k;r—Z + +
kr_3=1 ko=1 ks=1 kr_o=1
o0 (r—1)k2 k2 ks
-1 xr xr
F(Gara) + Gl VR = 3 T Y ) =
ko=1 "2 ka=1
r—2 r—1 '
==Y Tj+> GE@HFo @) =
j=1 j=1
r—2 r—1 4
(4) T ==Y T+ Y Gt ().
j=1 j=1
From (3) and (4) with (o(z) = 1% follows formula (2). O
Lemma 1.3.
n—1 .
(5) nky,(z) = ZCn_j(a:"_J)Fj(x) (-1<zxz<1) (n>1).
=0

Proof. Formula (5) can be proved by induction. For n = 1 it is true because of
Fo(z) =1, Fi(z) = G(z).

!/

©) | S G IEE | = 13 L= )@ B )
=0 ‘

since
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Second sum on the right-hand side of (6) is

®) > Gy ) 2
§=0
1 =
= 2D G @) G Fa() =
j=1 s=0
:7ZC . Z Cnt1—5( z" - )Fj—l—s(m):
Jj=s+1

(n—s)—

n—1

:%ch(xs-‘rl Z Cn s) )Ft( )(;
5=0
n—1

= > - G Zﬂcn— TE ().
5=0

Sign (*) denotes that we applied assumptlon of induction that formula (5) is
true for every 1 < k < n.
From (6) and (8) we get:

N

n . 1 )
G @ B @) | = S G By ) &
=0

z =
=(( +1D)Fua(2) =

~

= (n+1 n+1 ZCn+1 —j gt ])F( )+C
and for x = 0 we have C' = 0, so the formula (5) is true for n+1, and by induction
it is true for every natural n. O
Theorem 1.1.

n
kn—1 Q:'kn kHI ( )

©) -y Zk2' anZi;a

ki=1 =1 kn=1 i N Hl(k: kag!)

;>0

n>1), (-1<z<1l).
Proof. Formula (9) follows from (5) and from assumption of induction that for-

mula (9) is true for every 1 < k <n—1. In sum - Z ¢j(27)F,—j(x), for some

n
combination ) j(j)o = n, in numerators for j = 1,2,...,n appear respectively
j=1
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(some of them is obtained from the previous ones) j(c;)o, which in sum gives:

1 ﬁ C}iak)o(xk)
o Zj(aj)o ::1

j=1 T (k(ex)o(ay)o!)
k=1

which at the end leads to the formula (9) for n. g

Y

Corollary 1.1. Using the formulas:

G- = (1= 5 ) G (622, G(-1) = - log2

with (i = ((k), (e(=1) = ¢(=k), from (9) we get:
Fy(~1) = — g log® 2 — ((2) log2 ~ 1((3),

1 1 1 9
Fy(—-1) = ~51 log*2 + ZC(?) log? 2 + ZC(B) log2 + 1—6C(4),

1 1 1
F5(—1) = ~T50 log® 2 — ¢ log®2 — gg(g) log? 2—

@) log2 — L(B)C(2) ~ (5.

Corollary 1.2. From recurrence relation (5) it follows:

(10) exp Z Mtﬂ = ZFn(m)t” (—1<z<1).
j=1 J n=0
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